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RADIAL AVERAGING OPERATOR ACTING ON BERGMAN AND
LEBESGUE SPACES
TANELI KORHONEN, JOSE´ A´NGEL PELA´EZ, AND JOUNI RA¨TTYA¨
Abstract. It is shown that the radial averaging operator
Tωpfqpzq “
ş
1
|z|
f
´
s z|z|
¯
ωpsq dspωpzq , pωpzq “
ż
1
|z|
ωpsq ds,
induced by a radial weight ω on the unit disc D, is bounded from the weighted Bergman
space Apν , where 0 ă p ă 8 and the radial weight ν satisfies pνprq ď Cpν ` 1`r2 ˘ for all
0 ď r ă 1, to Lpν if and only if the self-improving condition sup0ďră1
pωprqpş
1
r
sνpsq ds
şr
0
tνptqpωptqp dt ă 8
is satisfied. Further, two characterizations of the weak type inequality
η ptz P D : |Tωpfqpzq| ě λuq À λ
´p}f}p
L
p
ν
, λ ą 0,
are established for arbitrary radial weights ω, ν and η. Moreover, differences and interrela-
tionships between the cases Apν Ñ L
p
ν , L
p
ν Ñ L
p
ν and L
p
ν Ñ L
p,8
ν are analyzed.
1. Introduction and main results
A function ω : DÑ r0,8q, integrable over the unit disc D, is called a weight. It is radial if
ωpzq “ ωp|z|q for all z P D. For 0 ă p ă 8 and a weight ω, the Lebesgue space Lpω consists of
complex-valued measurable functions f in D such that
}f}Lpω “
ˆż
D
|fpzq|pωpzq dApzq
˙ 1
p
ă 8,
where dApzq “ dx dy
pi
denotes the element of the normalized Lebesgue area measure on D. The
weighted Bergman space Apω is the space of analytic functions in L
p
ω.
For a radial weight ω, we assume throughout the paper that pωpzq “ ş1|z| ωpsq ds ą 0 for
all z P D, otherwise the Bergman space Apω would contain all analytic functions in D. For a
radial weight, the norm convergence in the Hilbert space A2ω implies the uniform convergence
on compact subsets of D and so the point evaluations are bounded linear functionals on A2ω.
Therefore there exist reproducing Bergman kernels Bωz P A
2
ω such that
fpzq “ xf,Bωz yA2ω “
ż
D
fpζqBωz pζqωpζq dApζq, z P D, f P A
2
ω.
The Hilbert space A2ω is a closed subspace of L
2
ω, and hence the orthogonal Bergman projection
from L2ω to A
2
ω is given by
Pωpfqpzq “
ż
D
fpζqBωz pζqωpζq dApζq, z P D.
A radial weight ω belongs to the class pD if there exists a constant C “ Cpωq ą 1 such that
the doubling condition pωprq ď Cpωp1`r
2
q is satisfied for all 0 ď r ă 1. Moreover, if there exist
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K “ Kpωq ą 1 and C “ Cpωq ą 1 such that
pωprq ě Cpωˆ1´ 1´ r
K
˙
, 0 ď r ă 1, (1.1)
then we write ω P qD. The intersection pDX qD is denoted by D. The definitions of these classes
of weights are of geometric nature, and the classes themselves arise naturally in the study of
classical operators. For example, it is known that the Bergman projection Pω induced by a
radial weight ω is bounded from L8 of D to the Bloch space B if and only if ω P pD, and
further, Pω : L
8 Ñ B is bounded and onto if and only if ω P D [15]. A radial weight ω is
regular if pωprq — ωprqp1 ´ rq for all 0 ď r ă 1. The class of regular weights is denoted by R,
and R Ĺ D. For basic properties of these classes of weights and more, see [9, 10, 15] and the
references therein.
This paper concerns the radial (Hardy) averaging operator Tω, induced by a radial weight ω,
and defined by
Tωpfqpzq “
ş1
|z| f
´
s z|z|
¯
ωpsq dspωpzq , z P Dzt0u,
and its maximal version
TNω pfqpzq “
ş1
|z|Npfq
´
s z|z|
¯
ωpsq dspωpzq , z P Dzt0u,
where Npfqpzq “ supζPΓpzq |fpζq| is the maximal function on the non-tangential approach
region
Γpzq “
"
ξ P D : |θ ´ argpξq| ă
1
2
ˆ
1´
|ξ|
r
˙*
, z “ reiθ P Dzt0u,
with vertex in the punctured closed unit disc.
Hardy averaging operators have been extensively studied since decades ago in the context
of Lebesgue spaces, see [1, 2, 3, 6, 8, 17] and the references therein. The question of when
Tω : L
p
ν Ñ L
p
η is bounded can be answered by a classical result due to Muckenhoupt [8].
Namely, the condition
Mp “Mppω, ν, ηq “ sup
0ără1
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
ˆż r
0
ηpsqspωpsqp ds
˙ 1
p
ă 8
being a sufficient condition for Tω : L
p
ν Ñ L
p
η to be bounded and an estimate from above for
the operator norm follow by applying [8, Theorem 2], and a testing similar to that in the proof
of the said theorem gives the necessity and a lower bound for the operator norm. We state
this result for further reference as follows.
Theorem A. Let 1 ă p ă 8 and ω, ν and η radial weights. Then Tω : L
p
ν Ñ L
p
η is bounded
if and only if Mppω, ν, ηq ă 8. Moreover, Mp ď }Tω}LpνÑLpη ď ppp´ 1q
1´p
p Mp.
It is worth noticing that under the hypotheses ω, ν P R and η P qD the averaging operator Tω
and the maximal Bergman projection
P`ω pfqpzq “
ż
D
fpζq|Bωz pζq|ωpζq dApζq, z P D,
are simultaneously bounded from Lpν to L
p
η by [7]. Moreover, in the particular case ω ” 1
with ν P R, Tω : A
p
ν Ñ L
p
ν is bounded if and only if the Bergman projection Pω is bounded
on Lpν [16]. Therefore the averaging operator Tω, which is interesting in its own right, is closely
related to the weighted Bergman projection Pω and it might be further used as a model for its
study. With this aim and that of studying the difference respect to their action on Lebesgue
spaces, we consider the averaging operator Tω acting from A
p
ν to L
p
ν when ν P pD.
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We recall that a positive Borel measure µ on D is a q-Carleson measure for Apν if the identity
operator is bounded from Apν to L
q
µ. The q-Carleson measures for A
p
ν induced by ν P pD are
described in [12]. By denoting
dµp,ω,νpzq “ pωpzqp´1ωpzq
˜ż |z|
0
νpsqpωpsqp s ds
¸
dApzq, z P D,
we state the first main result of the paper as follows.
Theorem 1. Let 0 ă p ă 8, ν P pD and ω a radial weight. Then the following statements are
equivalent:
(i) TNω : A
p
ν Ñ L
p
ν is bounded;
(ii) Tω : A
p
ν Ñ L
p
ν is bounded;
(iii) pDppω, νq “ sup0ďră1 pωprqpş1
r
sνpsq ds
şr
0
tνptqpωptqp dt ă 8;
(iv) µp,ω,ν is a q-Carleson measure for A
q
ν for some (equivalently for each) 0 ă q ă 8.
Moreover,
}TNω }
p
A
p
νÑL
p
ν
— }Tω}
p
A
p
νÑL
p
ν
— }Id}p
A
p
νÑL
p
µp,ω,ν
— pDppω, νq. (1.2)
To obtain the necessary condition pDppω, νq ă 8, we observe first that indicators cannot
be used to build test functions, as it happens in Theorem A. This is a significant difference
between the analytic and the classical case. We overcome this obstacle by using derivatives of
Bergman reproducing kernels Bνa as test functions. The asymptotic behavior of }pB
ν
aq
pNq}Apν
is well understood by the recent study [13] and these estimates are strongly in use in our
reasoning. In addition, we need lower estimates for the Lpν-norm of Tω
´
pBνaq
pNq
¯
. We prove
these estimates by using Hardy-Littlewood inequalities and smooth polynomials related to
Hadamard products. This approach actually enables us to obtain a sharp necessary condition
for the boundedness in a much more general situation, see Proposition 6 below. As an immedi-
ate consequence of these deductions we observe that Tω : L
p
ν Ñ L
q
ν fails to be bounded if q ą p
and ν P pD. Another pivotal dissimilarity between the analytic and the classical case consists
of finding an appropriate way to obtain a sufficient condition in the former one. It turns out
that Carleson measures is an adequate one as is already seen in the statement. We will also
show that the condition pDppω, νq ă 8 is self-improving in the sense that if pDppω, νq ă 8,
then there exists ε “ εpp, ω, νq ą 0 such that pDp´εpω, νq ă 8, and this observation will play
an important role in the proof.
By using Theorems 1 and A along with [13, Theorem 11], we establish the following result.
Corollary 2. Let 1 ă p ă 8 and ω, ν P R. Then the following statements are equivalent:
(i) Tω : A
p
ν Ñ L
p
ν is bounded;
(ii) Tω : L
p
ν Ñ L
p
ν is bounded;
(iii) P`ω : L
p
ν Ñ L
p
ν is bounded;
(iv) Pω : L
p
ν Ñ L
p
ν is bounded.
It is not a surprise that the statement in Corollary 2 fails without any local regularity hy-
potheses on the weights because ω being absolutely continuous with respect to ν is a necessary
condition for Tω to be bounded on L
p
ν by Theorem A, see Corollary 10 below.
We also consider the pp, pq-weak type inequality for the radial averaging operator. Our
main result in this direction is the following.
Theorem 3. Let 1 ă p ă 8 and ω, ν, η be radial weights. Then the following statements are
equivalent:
(i) Tω : L
p
ν Ñ L
p,8
η is bounded;
(ii) Nppω, ν, ηq “ sup
0ďtără1
ˆşr
t
ηpsqs dspωptqp
˙ 1
p
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
ă 8;
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(iii) Mp,ε “ Mp,εpω, ν, ηq “ sup
0ďră1
ˆpωprqε ż r
0
sηpsqpωpsqp`ε ds
˙ 1
p
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
ă
8 for some (equivalently for each) ε ą 0.
Moreover, for each fixed ε ą 0,
}Tω}LpνÑLp,8η — Nppω, ν, ηq —Mp,εpω, ν, ηq. (1.3)
A calculation shows that Theorem A can be deduced from the corresponding strong in-
equality for the simple case ω ” 1 by modifying the weights involved. However, this is no
longer true for weak-type inequalities due to the nature of the level sets for |Tω|. On the other
hand, although conditions similar to Theorem 3(ii) appear frequently in the literature [2, 6],
conditions analogous to Theorem 3(iii), which is a kind of generalization of the classical result
of Andersen and Muckenhoupt [1, Theorem 2], seem to have been less explored. Therefore,
we believe that Part (iii) in Theorem 3 adds theoretical and practical value to the result. As
for the proof of Theorem 3, it follows the leading idea of that of [1, Theorem 2] but a good
number of non-trivial modifications are needed.
It is also worth noticing that for each 1 ă p ă 8 there are weights pω, ν, ηq, such that
Tω : L
p
ν Ñ L
p,8
η is bounded but Tω : L
p
ν Ñ L
p
η is not. Nonetheless, as a byproduct of our
results we deduce the following.
Corollary 4. Let 1 ă p ă 8, ω P pD and ν P D. Then Tω : Lpν Ñ Lpν bounded if and only if
Tω : A
p
ν Ñ L
p
ν bounded and Tω : L
p
ν Ñ L
p,8
ν bounded.
In Section 2 we prove Theorem 1 and Corollary 2. Theorem 3 is proved in Section 3, where
we also provide the details of the proof of Corollary 4 and offer concrete examples related to
the results obtained in this study.
Throughout the paper 1
p
` 1
p1
“ 1 for 1 ă p ă 8. Further, the letter C “ Cp¨q will denote
an absolute constant whose value depends on the parameters indicated in the parenthesis, and
may change from one occurrence to another. We will use the notation a À b if there exists a
constant C “ Cp¨q ą 0 such that a ď Cb, and a Á b is understood in an analogous manner.
In particular, if a À b and a Á b, then we will write a — b. An observant reader notices that
this last notation is already in use in (1.2) and (1.3).
2. Analytic case
2.1. Test functions. We first establish necessary conditions for Tω : A
p
ν Ñ L
q
η to be bounded
when 0 ă p ď q ă 8, ν P pD and ω, η are radial weights. To do this, some background material
is needed.
For a radial weight ω, the normalized monomials z
nb
2
ş
1
0
r2n`1ωprq dr
, n P N Y t0u, form the
standard orthonormal basis of A2ω, and hence
Bωz pζq “
8ÿ
n“0
pζz¯qn
2
ş1
0
r2n`1ωprq dr
, z, ζ P D. (2.1)
Write
ωt,x “
ż 1
t
sxωpsq ds, 0 ď x ă 8, 0 ď t ă 1,
and ωx “ ω0,x for short. For f P HpDq with Maclaurin series fpzq “
ř8
n“0
pfpnqzn and
k P N Y t0u, denote ∆kfpzq “
ř2k`1´1
n“2k
pfpnqzn. With these preparations we can state and
prove the following mean estimate for the image of pBνaq
pNq under Tω.
Lemma 5. Let 0 ă q ă 8, ν P pD, ω a radial weight, N P N and a P D with |a| ě 1 ´ 1
2N
.
Then
pωptqqM qq ´t, Tω ´pBνaqpNq¯¯ Á
# pωpaqqpνpaqqp1´|a|qqpN`1q´1 , 0 ď t ď |a|,pωptqqpνpaqqp1´|a|qqpN`1q´1 , |a| ď t ă 1. (2.2)
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Proof. First observe that
pωptqTω ´pBνaqpNq¯ pteiθq “ ż 1
t
pBνaq
pNqpseiθqωpsqds
“
ż 1
t
˜
8ÿ
j“N
jpj ´ 1q ¨ ¨ ¨ pj ´N ` 1qpseiθqj´Naj
2ν2j`1
¸
ωpsqds
“
8ÿ
j“N
jpj ´ 1q ¨ ¨ ¨ pj ´N ` 1qeiθpj´Nqaj
2ν2j`1
ωt,j´N .
(2.3)
From now on we split the proof into four cases. Let first 0 ď t ď |a| and 0 ă q ď 2. Then the
classical Hardy-Littlewood inequality [4, Theorem 6.2] gives
pωptqqM qq ´t, Tω ´pBνaqpNq¯¯ Á 8ÿ
j“N
jNq`q´2ω
q
t,j´N |a|
jq
ν
q
2j`1
. (2.4)
Choose N‹ P N such that 1 ´ 1
N‹
ď |a| ă 1 ´ 1
N‹`1 . Then the inequality 0 ď t ď |a| and [9,
Lemma 2.1(iv)] yield
N‹ÿ
j“N
jNq`q´2ω
q
t,j´N |a|
jq
ν
q
2j`1
Á
N‹ÿ
j“N
jNq`q´2ω
q
|a|,j´N
ν
q
2j`1
Á pωpaqq N‹ÿ
j“N
jNq`q´2pν ´1´ 1
2j`1
¯q
Á pωpaqq ż N‹`1
N
sqpN`1q´2pνp1´ 1
2s`1q
q
ds — pωpaqq ż N‹`1
N
sqpN`1q´2pνp1´ 1
s
qq
ds
ě pωpaqq ż 1´ 1N‹`1
1´ 1
N
dtpνptqqp1´ tqqpN`1q
ě pωpaqq ż |a|
1´ 1
N
dtpνptqqp1´ tqqpN`1q
ě pωpaqq ż |a|
2|a|´1
dtpνptqqp1´ tqqpN`1q
Á
pωpaqqpνp2|a| ´ 1qqp1´ |a|qqpN`1q´1
Á
pωpaqqpνpaqqp1´ |a|qqpN`1q´1 ,
(2.5)
which combined with (2.4) gives the assertion in the case 0 ď t ď |a| and 0 ă q ď 2. If
|a| ď t ă 1, then the assertion readily follows by applying the estimate ωt,j´N Á pωptq in the
reasoning (2.5).
Let now q ą 2 (this approach actually works for any q ą 1). We begin by showing that
}∆kFN`1}
q
Hq Á 2
krqpN`1q´1s, k ě log2N, (2.6)
where FN`1 is the function, analytic in the unit disc, defined by the Maclaurin series
FN`1pzq “
8ÿ
j“N
jpj ´ 1q ¨ ¨ ¨ pj ´N ` 1qzj , z P D,
and thus
∆kFN`1pzq “
2k`1´1ÿ
j“2k
jpj ´ 1q ¨ ¨ ¨ pj ´N ` 1qzj , z P D. (2.7)
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By using the well known estimate M8pr, fq À pρ´ rq
´ 1
qMqpρ, fq, valid for all 0 ă r ă ρ ă 1,
0 ă q ă 8 and f P HpDq, and [11, Lemma 10], we deduce
M8
ˆ
1´
1
2k
,∆kFN`1
˙
À
ˆ
1
2k
´
1
2k`1 ´ 1
˙´ 1
q
Mq
ˆ
1´
1
2k`1 ´ 1
,∆kFN`1
˙
— 2
k
q }∆kFN`1}Hq ,
which together with (2.7) gives
}∆kFN`1}
q
Hq Á 2
´kM q8
ˆ
1´
1
2k
,∆kFN`1
˙
— 2´k
¨˝
2k`1´1ÿ
j“2k
jN
ˆ
1´
1
2k
˙j‚˛q
ě 2Nkq´k
ˆ
2k
´
1´ 2´k
¯2k`1˙q
— 2krqpN`1q´1s.
Therefore (2.6) is now proved.
Let 0 ď t ď |a|. For |a| ě 1{2, choose k P N such that 1 ´ 2´k ď |a| ă 1 ´ 2´k´1. Then
(2.3), [13, Lemma D] and [9, Lemma 2.1] yield
pωptqqM qq pt, Tω `pBνaqN˘ Á ż 2pi
0
ˇˇˇˇ
ˇˇ2k`1´1ÿ
j“2k
jpj ´ 1q ¨ ¨ ¨ pj ´N ` 1qeiθpj´Nqaj
2ν2j`1
ωt,j´N
ˇˇˇˇ
ˇˇ
q
dθ
Á
|a|q2
k`1
ω
q
t,2k`1´N
ν
q
2k`1
ż 2pi
0
ˇˇˇˇ
ˇˇ2k`1´1ÿ
j“2k
jpj ´ 1q ¨ ¨ ¨ pj ´N ` 1qeiθpj´Nq
ˇˇˇˇ
ˇˇ
q
dθ
Á
ω
q
|a|,2k`1´Npν `1´ 1
2k`1
˘q }∆kFn`1}qHq Á pωpaqqpνpaqq 2krpN`1qq´1s
—
pωpaqqpνpaqqp1´ |a|qqpN`1q´1 ,
and thus the assertion for 0 ď t ď |a| and q ą 2 is valid. The assertion in the case t ě |a| and
q ą 2 readily follows by applying the estimate ωt,2k`1´N Á pωptq in the reasoning above. 
Proposition 6. Let 0 ă p ď q ă 8, ν P pD and ω, η radial weights. If Tω : Apν Ñ Lqη is
bounded, then
sup
0ďră1
pωprqq
p1´ rq
q
p
´1
´ş1
r
sνpsq ds
¯ q
p
ż r
0
tηptqpωptqq dt À }Tω}qApνÑLqη ă 8 (2.8)
and
sup
0ďră1
ş1
r
sηpsq dsq
p1´ rq
q
p
´1
´ş1
r
sνpsq ds
¯ q
p
À }Tω}
q
A
p
νÑL
q
η
ă 8. (2.9)
Proof. Assume that Tω : A
p
ν Ñ L
q
η is bounded. Then, for each a P D and N P N,›››Tω ´pBνaqpNq¯›››q
L
q
η
ď }Tω}
q
A
p
νÑL
q
η
›››pBνaqpNq›››q
A
p
ν
— }Tω}
q
A
p
νÑL
q
η
˜ż |a|
0
dtpνptqp´1p1´ tqppN`1q
¸ q
p
, |a| Ñ 1´,
(2.10)
by [13, Theorem 1]. If p ě 1, then›››pBνaqpNq›››p
A
p
ν
À
1pνpaqp´1
ż |a|
0
dt
p1´ tqppN`1q
—
1pνpaqp´1p1´ |a|qppN`1q´1 , |a| Ñ 1´,
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for each N P N. If 0 ă p ă 1, choose N “ Npp, νq P N such that N ą 1`p1´pqβ
p
´ 1, where
β “ βpνq ą 0 is that of [9, Lemma 2.1(ii)]. Then›››pBνaqpNq›››p
A
p
ν
À
1pνpaqp´1p1´ |a|qp1´pqβ
ż |a|
0
dt
p1´ tqppN`1q´p1´pqβ
—
1pνpaqp´1p1´ |a|qppN`1q´1 , |a| Ñ 1´.
That is, for each 0 ă p ă 8, there exists N “ Npp, νq P N such that›››pBνaqpNq›››p
A
p
ν
À
1pνpaqp´1p1´ |a|qppN`1q´1 , |a| Ñ 1´. (2.11)
On the other hand, Lemma 5 yields›››Tω ´pBνaqpNq¯›››q
L
q
η
—
ż |a|
0
M qq
´
t, Tω pB
ν
aq
pNq
¯
tηptq dt`
ż 1
|a|
M qq
´
t, Tω pB
ν
aq
pNq
¯
tηptq dt
Á
˜ż |a|
0
tηptqpωptqq dt
¸ pωpaqqpνpaqqp1´ |a|qqpN`1q´1
`
pηpaqpνpaqqp1´ |a|qqpN`1q´1 , |a| ě 1´ 12N .
(2.12)
The assertions follow by combining (2.10),(2.11) and (2.12). 
It is worth noticing that replacing the derivatives of the Bergman reproducing kernels by
the monomials in the proof of Proposition 6 yields analogous conditions to (2.8) and (2.9) but
without the factor p1´ rq
q
p
´1
in the denominator on the left hand side. So, one gets the same
condition for q “ p but a weaker one for q ą p.
We make two observations on Proposition 6. First, (2.8) implies (2.9) if ω P pD and η P qD.
Namely, by [9, Lemma 2.1] there exists α “ αpω, qq ą 0 such that p1´ tqαpωptq´q is essentially
decreasing, and hence ż r
0
tηptqpωptqq dt Á 1pωprqq
ż r
0
ˆ
1´ r
1´ t
˙α
tηptq dt.
Let K “ Kpηq ą 1 be that of the definition of qD, and define rn “ 1´K´n for all n P NYt0u.
If r1 ď r ă 1, then there exists m P N such that rm ď r ă rm`1. Thereforeż r
0
ˆ
1´ r
1´ t
˙α
tηptq dt ě
ż rm
rm´1
ˆ
1´ r
1´ t
˙α
tηptq dt ě r1
ˆ
1´ rm`1
1´ rm´1
˙α
ppηprm´1q ´ pηprmqq
ě r1
pC ´ 1q
K2α
pηprmq ě r1 pC ´ 1q
K2α
pηprq, r1 ď r ă 1,
for all α ą 0. So, if ω P pD and η P qD, thenż r
0
tηptqpωptqq dt Á pηprqpωprqq , r1pηq “ r1 ď r ă 1, (2.13)
and thus (2.9) follows from (2.8) in this case.
Second, if ν P pD, the supremum in (2.9) is finite if and only if Apν is continuously embedded
into Lqη by [12, Theorem 1], and thus }Id}ApνÑLqη À }Tω}ApνÑLqη for each radial weight ω.
Bearing in mind the special case η “ ν of (2.9), we get the following immediate consequence.
Corollary 7. Let 0 ă p ă q ă 8 and ν P pD. Then Tω : Apν Ñ Lqν is unbounded for each
radial weight ω.
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2.2. Proof of Theorem 1. Let h‹pzq “ ess sup0ără|z| |hprz{|z|q| denote the radial maximal
function of h at z P Dzt0u.
Lemma 8. Let 0 ă p ď 1 ď q ă 8 and ω a radial weight. Then there exist constants
C1 “ C1pp, ωq ą 0 and C2 “ C2pq, ωq ą 0 such that
ˆż 1
r
hpteiθqωptq dt
˙p
ď C1
ż 1
r
h‹pteiθqppωptqp´1ωptqt dt
and
ż 1
r
hpteiθqqpωptqq´1ωptq dt ď C2ˆż 1
r
h‹pteiθqωptqt dt
˙q
for all non-negative measurable functions h on D and θ P R.
Proof. For 1 ă K ă 8 and 0 ď r ă 1, define ρn “ ρnpω,K, rq “ mint0 ď t ă 1 : pωptq “pωprqK´nu for all n P N, and set ρ0 “ r. Then tρnu is increasing such that ρn Ñ 1´, as nÑ8,
and
ż ρn`1
ρn
ωptq dt “ pωpρnq ´ pωpρn`1q “ pωpρjqKj´nˆK ´ 1
K
˙
, n, j P NY t0u.
Hence
ˆż 1
r
hpteiθqωptq dt
˙p
“
˜
8ÿ
n“0
ż ρn`1
ρn
hpteiθqωptq dt
¸p
ď
˜
8ÿ
n“0
h‹pρn`1e
iθqppωpρnq ´ pωpρn`1qq
¸p
“ pK ´ 1qp
˜
8ÿ
n“0
h‹pρn`1e
iθqpωpρn`1q
¸p
ď pK ´ 1qp
8ÿ
n“0
h‹pρn`1e
iθqppωpρn`1qp pωpρn`1q ´ pωpρn`2qpωpρn`1qK´1K
“ KpK ´ 1qp´1
8ÿ
n“0
h‹pρn`1e
iθqppωpρn`1qp´1ppωpρn`1q ´ pωpρn`2qq
ď KpK ´ 1qp´1
8ÿ
n“0
ż ρn`2
ρn`1
h‹pteiθqppωptqp´1ωptq dt
ď
KpK ´ 1qp´1
ρ1
ż 1
r
h‹pteiθqppωptqp´1ωptq
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In a similar manner one deduces
ż 1
r
hpteiθqqpωptqq´1ωptq dt “ 8ÿ
n“0
ż ρn`1
ρn
hpteiθqqpωptqq´1ωptq dt
ď
8ÿ
n“0
h‹pρn`1e
iθqqpωpρnqq´1 ż ρn`1
ρn
ωptq dt
“
K ´ 1
K
8ÿ
n“0
h‹pρn`1e
iθqqpωpρnqq
ď
K ´ 1
K
˜
8ÿ
n“0
h‹pρn`1e
iθqpωpρnq
¸q
“
K ´ 1
K
˜
8ÿ
n“0
h‹pρn`1e
iθq
ż ρn`2
ρn`1
ωptq dt
pωpρnqpωpρnqK´1K2
¸q
ď
pK ´ 1q1´q
K1´2q
˜
8ÿ
n“0
ż ρn`2
ρn`1
h‹pteiθqωptq dt
¸q
ď K2q´1pK ´ 1q1´q
ˆ
1
ρ1
ż 1
ρ1
h‹pteiθqωptqt dt
˙q
ď
K2q´1pK ´ 1q1´q
ρ
q
1
ˆż 1
r
h‹pteiθqωptqt dt
˙q
,
and thus the lemma is proved. 
The next lemma shows that the condition pDppω, νq ă 8 is self-improving in the sense that
if it is satisfied for some p ą 0, then it is also satisfied when p is replaced by a slightly smaller
number.
Lemma 9. Let 0 ă p ă 8 and ν, ω radial weights on D. Then
pDppω, νq ď pDp´εpω, νq ď p
p´ εp1` pDppω, νqq pDppω, νq
for all ε P
´
0, ppDppω,νq`1
¯
.
Proof. The first inequality is obvious. Let us denote ν1ptq “ tνptq. An integration by parts
gives
ż r
0
ν1ptqpωptqp´ε dt “ pωprqε
ż r
0
ν1ptqpωptqp dt` ε
ż r
0
ˆż s
0
ν1ptqpωptqp dt
˙ pωpsqε´1ωpsq ds
ď pDppω, νq pν1prqpωprqp´ε ` ε pDppω, νq
ż r
0
pν1psqpωpsqp`1´εωpsq ds,
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and since Fubini’s theorem yieldsż r
0
pν1psqpωpsqp`1´εωpsq ds “
ż r
0
ş1
s
ν1ptq dtpωpsqp`1´εωpsq ds
“
ż r
0
şr
s
ν1ptq dtpωpsqp`1´εωpsq ds` pν1prq
ż r
0
ωpsqpωpsqp`1´ε ds
“
ż r
0
ν1ptq
ˆż t
0
ωpsqpωpsqp`1´ε ds
˙
dt` pν1prq ż r
0
ωpsqpωpsqp`1´ε ds
“
1
p´ ε
ˆż r
0
ν1ptqpωptqp´ε dt´ 1pωp0qp´ε
ż r
0
ν1ptq dt`
pν1prqpωprqp´ε ´ pν1prqpωp0qp´ε
˙
ď
1
p´ ε
ˆż r
0
ν1ptqpωptqp´ε dt` pν1prqpωprqp´ε
˙
,
we deduce
ż r
0
ν1ptqpωptqp´ε dt ď
pDppω, νq´1` εp´ε¯
1´
pDppω,νqε
p´ε
pν1prqpωprqp´ε “ p pDppω, νqp´ εp1 ` pDppω, νqq pν1prqpωprqp´ε
for ε P
´
0, ppDppω,νq`1
¯
. The assertion follows. 
With these preparations we are ready for the proof.
Proof of Theorem 1. Obviously, (i) implies (ii), and (ii) implies (iii) together with the inequalitypDppω, νq À }Tω}pApνÑLpν follows from the case q “ p of Proposition 6.
By [12, Theorem 1], µp,ω,ν is a q-Carleson measure for A
q
ν if and only if µp,ω,νpSpaqq À
νpSpaqq for all Carleson squares Spaq “ tz P D : | arg z ´ arg a| ă 1´|a|
2
, |z| ě 1 ´ |a|u with
a P Dzt0u. But Fubini’s theorem yields
ż 1
|a|
pωptqp´1ωptq ż t
0
νpsqs dspωpsqp dt “
ż 1
|a|
pωptqp´1ωptq˜ż |a|
0
`
ż t
|a|
¸
νpsqs dspωpsqp dt
“
˜ż 1
|a|
pωptqp´1ωptq dt¸ż |a|
0
νpsqs dspωpsqp
`
ż 1
|a|
νpsqspωpsqp
ż 1
s
pωptqp´1ωptq dt ds
“
pωpaqp
p
ż |a|
0
νpsqs dspωpsqp ` 1p
ż 1
|a|
νpsqs ds,
(2.14)
and it follows that (iii) and (iv) are equivalent.
Assume (iii), and let first 0 ă p ď 1. By Lemma 8 and Fubini’s theorem,ż 1
0
´
TNω pfqpre
iθq
¯p
νprqr dr “
ż 1
0
ˆż 1
r
Npfqpteiθqωptq dt
˙p
νprqrpωprqp dr
À
ż 1
0
ˆż 1
r
pNpfqq‹pteiθqppωptqp´1ωptqt dt˙ νprqrpωprqp dr
“
ż 1
0
Npfqppteiθqpωptqp´1ωptqˆż t
0
νprqrpωprqp dr
˙
t dt.
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An integration with respect to θ and the Hardy-Littlewood maximal theorem [5, Theorem 3.1,
p. 57] (or [10, Lemma 4.4]) together with (iii) now yield
}TNω pfq}
p
L
p
ν
À
ż
D
|fpzq|ppωpzqp´1ωpzq˜ż |z|
0
νprqrpωprqp dr
¸
dApzq
“
ż
D
|fpzq|p dµp,ω,νpzq ď }Id}
p
A
p
νÑL
p
µp,ω,ν
}f}p
A
p
ν
.
Thus TNω : A
p
ω Ñ L
p
ω is bounded. Moreover, the estimates above together with [14, Theorem 3]
and (2.14) give
}T }p
A
p
νÑL
p
ν
ď }TN}p
A
p
νÑL
p
ν
À }Id}p
A
p
νÑL
p
µp,ω,ν
— pDppω, νq,
provided 0 ă p ď 1.
Let now 1 ă p ă 8, and fix ε “ εpp, ω, νq P
´
0,min
!
p´ 1, ppDppω,νq
)¯
. Define hpzq “
ωpzq
1
p1 pωpzq´p`1`εp for all z P D, and set Ω “ tz P D : ωpzq ą 0u. Then Ho¨lder’s inequality,
Fubini’s theorem and the Hardy-Littlewood maximal theorem yield
}TNω pfq}
p
L
p
ν
“
ż
D
˜ż 1
|z|
Npfq
ˆ
t
z
|z|
˙
ωptqχΩptq dt
¸p
νpzqpωpzqp dApzq
“
ż
D
˜ż 1
|z|
Npfq
ˆ
t
z
|z|
˙
ωptq
hptq
hptqχΩptq dt
¸p
νpzqpωpzqp dApzq
ď
ż
D
˜ż 1
|z|
Nppfq
ˆ
t
z
|z|
˙ˆ
ωptq
hptq
˙p
χΩptq dt
¸˜ż 1
|z|
hpsqp
1
ds
¸p´1
νpzqpωpzqp dApzq
—
ż 1
0
ż 2pi
0
ˆż 1
r
Nppfq
´
teiθ
¯ˆωptq
hptq
˙p
χΩptq dt
˙ˆż 1
r
hpsqp
1
ds
˙p´1
νprqpωprqp rdθdr
“
ż 1
0
ż 2pi
0
Nppfq
´
teiθ
¯
dθ
ˆ
ωptq
hptq
˙p
χΩptq
ż t
0
ˆż 1
r
hpsqp
1
ds
˙p´1
νprqpωprqp r dr dt
À
ż 1
0
ż 2pi
0
|fpteiθq|p dθ
ˆ
ωptq
hptq
˙p
χΩptq
ż t
0
ˆż 1
r
hpsqp
1
ds
˙p´1
νprqpωprqp r dr dt
—
ż
D
|fpzq|p
ˆ
ωpzq
hpzq
˙p
χΩpzq
ż |z|
0
ˆż 1
r
hpsqp
1
ds
˙p´1
νprqpωprqp r dr dApzq
“
ˆ
p´ 1
ε
˙p´1 ż
D
|fpzq|pωpzqpωpzqp´1´ε ż |z|
0
νprqpωprqp´ε r dr dApzq
À
ż
D
|fpzq|p dµp´ε,ω,νpzq.
Now that µp´ε,ω,ν is a p-Carleson measure for A
p
ω by (2.14) and Lemma 9, it follows that
TNω : A
p
ν Ñ L
p
ν is bounded. Moreover, a reasoning similar to that in the case 0 ă p ď 1
together with Lemma 9 gives
}Tω}
p
A
p
νÑL
p
ν
ď }TNω }
p
A
p
νÑL
p
ν
À }Id}p
A
p
νÑL
p
µp´ε,ω,ν
— pDp´εpω, νq — pDppω, νq.
The proof is complete. l
Proof of Corollary 2. Since ω, ν P R, the result follows joining [13, Theorem 11], Theorem A
and Theorem 1. l
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3. Weak type inequalities
We use the conventions 0 ¨ 8 “ 0 and 1{0 “ 8. The next proof follows ideas from [1].
Proof of Theorem 3. Assume first (i), that is,
λpηptz P D : |Tωpfqpzq| ą λuq À }f}
p
L
p
ν
, λ ą 0, f P Lpν . (3.1)
Let hprq “
ˆş1
r
´
ωpsq
sνpsq
¯p1
sνpsq ds
˙ 1
p1
and denote
Npt, rq “
ˆşr
t
ηpsqs dspωptqp
˙ 1
p
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
, 0 ď t ă r ă 1,
for short. Let us rule out the trivial cases hprq “ 0 or hprq “ 8 first. If hprq “ 0, then
Npt, rq “ 0 for all 0 ď t ă r by the convention. If hprq “ 8, then
`
ωpsνq´1
˘1{p
R Lp
1
ω pr, 1q,
and hence there exists g P Lpωpr, 1q such that g
`
ωpsνq´1
˘1{p
R L1ωpr, 1q. Define fpzq “
gp|z|q
`
ωpzqp|z|νpzqq´1
˘ 1
p for r ď |z| ă 1, and let f ” 0 elsewhere on D. Then Tωpfqpzq “ 8
for |z| ď r, and therefore the weak inequality (3.1) yieldsż r
0
sηpsq ds ď
ż
tzPD:|Tωpfqpzq|ąλu
ηpzq dApzq
À
1
λp
ż
tzPD: rď|z|ă1u
|fpzq|pνpzq dApzq “
2
λp
ż 1
r
|gpsq|pωpsq ds, λ ą 0.
By letting λ Ñ 8, we deduce
şr
0
ηpsqs ds “ 0, and thus Npt, rq “ 0 for all 0 ď t ă r in this
case also.
Assume that 0 ă hprq ă 8, and let frpzq “
´
ωpzq
|z|νpzq
¯p1{p
χDzDp0,rqpzq, z P D, and
λr,t “
ş1
r
´
ωpsq
sνpsq
¯p1
sνpsq dspωptq , 0 ď t ď r ă 1.
Then
}fr}
p
L
p
ν
“ 2
ż 1
r
ˆ
ωpsq
sνpsq
˙p1
νpsqs ds
and
Tωpfrqpzq “ pωpzq´1 ż 1
|z|
χrr,1qpsq
ˆ
ωpsq
sνpsq
˙p1{p
ωpsq ds
“ pωpzq´1 ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds ě λr,t, 0 ď t ă |z| ď r ă 1.
Therefore ż r
t
ηpsqs ds ď 2ηptz P D : |Tωpfrqpzq| ě λr,tuq ď 2}Tω}
p
L
p
νÑL
p,8
η
}fr}
p
L
p
ν
λ
p
r,t
— }Tω}
p
L
p
νÑL
p,8
η
pωptqp ş1
r
´
ωpsq
sνpsq
¯p1
sνpsq dsˆş1
r
´
ωpsq
sνpsq
¯p1
sνpsq ds
˙p
“ }Tω}
p
L
p
νÑL
p,8
η
pωptqpˆş1
r
´
ωpsq
sνpsq
¯p1
sνpsq ds
˙ p
p1
,
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and thus
şr
t
ηpsqs dspωptqp
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸p{p1
À }Tω}
p
L
p
νÑL
p,8
η
, 0 ď t ă r ă 1.
This implies (ii) and Nppω, ν, ηq À }Tω}LpνÑLp,8η .
Assume next (ii). Then, for each ε ą 0, we have
Npp pω, ν, ηq
1
ε
ˆ
1pωprqε ´ 1pωp0qε
˙
“ Npp pω, ν, ηq
ż r
0
ωptqpωptq1`ε dt
ě hpprq
ż r
0
ˆż r
t
ηpsqs ds
˙
ωptqpωptq1`ε`p dt
“ hpprq
ż r
0
ˆż s
0
ωptqpωptq1`ε`p dt
˙
ηpsqs ds
“
hpprq
p` ε
ż r
0
ˆ
1pωpsqε`p ´ 1pωp0qε`p
˙
ηpsqs ds,
from which (iii) and the inequality Nppω, ν, ηq ÁMp,εpω, ν, ηq for each fixed ε ą 0 follow.
Assume now (iii), and let ε ą 0. Let f be a compactly supported non-negative step function
on D, that is, f “
řl
j“1 PjχRj , where Pj ě 0 and Rj “ tre
iθ : 0 ď Aj ď r ď Bj ă 1, cj ď θ ď
dju with dj ´ cj ď 2pi. Define Eθpλq “ tr P p0, 1q : Tωpfqpre
iθq ą λu for any θ P r0, 2piq and
λ ą 0, and Hprq “
şr
0
sηpsqpωpsqp`ε ds for all 0 ď r ă 1. If r0 “ inftr P p0, 1q : hprq ă 8u ą 0, then
ηprq “ 0 almost everywhere on r0, r0s. Therefore
ş
Eθpλq
ηpsq ds “
ş
EθpλqXpr0,1q
ηpsq ds, where
Eθpλq X pr0, 1q “
nď
k“1
pak, bkq, r0 ď a1 ă ¨ ¨ ¨ ă bk ď ak`1 ă ¨ ¨ ¨ ă bn ă 1.
Let r P rak, bks for some k “ 1, . . . , n. Then pωprq ď λ´1 ş1r fpseiθqωpsq ds, and Ho¨lder’s
inequality yields
pωprqp ď λ´pˆż 1
r
fpseiθqhpsq1{ppsνpsqq1{phpsq´1{p
ωpsq
psνpsqq1{p
ds
˙p
ď λ´p
ż 1
r
fpseiθqphpsqsνpsq ds
˜ż 1
r
hpsq´
1
p´1
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸p´1
“ λ´p
ż 1
r
fpseiθqphpsqsνpsq ds
`
´p1 rhpsqs1s“r
˘p´1
“ pp1qp´1λ´phprqp´1
ż 1
r
fpseiθqphpsqsνpsq ds.
(3.2)
This inequality will be repeatedly used throughout the rest of the proof.
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We now proceed to estimate
ş
Eθpλq
sηpsq ds. An integration by parts, the assumptionMp,ε ă
8 and another integration by parts yieldż bk
ak
sηpsq ds “
ż bk
ak
pωpsqp`ε sηpsqpωpsqp`ε ds
“
“pωpsqp`εHpsq‰bk
ak
` pp ` εq
ż bk
ak
pωpsqp`ε´1ωpsqHpsq ds
ď
“pωpsqp`εHpsq‰bk
ak
` pp ` εqMpp,ε
ż bk
ak
pωpsqp´1ωpsqh´ppsq ds
“
„pωpsqp`εHpsq ´ pp ` εq
p
Mpp,εpωpsqph´ppsqbk
ak
´ pp` εqMpp,ε
ż bk
ak
pωpsqph´p´1psqh1psq ds
for each k “ 1, . . . , n. Thus
ş
Eθpλq
ηpsq ds ď S1,θ ` S2,θ, where
S1,θ “
nÿ
k“1
„pωpsqp`εHpsq ´ pp` εq
p
Mpp,εpωpsqph´ppsqbk
ak
(3.3)
and
S2,θ “ ´pp` εqM
p
p,ε
nÿ
k“1
ż bk
ak
pωpsqph´p´1psqh1psq ds. (3.4)
The sums S1,θ and S2,θ will now be considered separately. Since H is nondecreasing,
nÿ
k“1
“pωpsqp`εHpsq‰bk
ak
“ ´pωpa1qp`εHpa1q ` n´1ÿ
k“1
`pωpbkqp`εHpbkq ´ pωpak`1qp`εHpak`1q˘ ` pωpbnqp`εHpbnq
ď
n´1ÿ
k“1
`pωpbkqp`ε ´ pωpak`1qp`ε˘Hpbkq ` pωpbnqp`εHpbnq,
(3.5)
where the first negative term was simply discarded. Next, observe that for any N ą M ą 0
and a ą 0, the function gpxq “MpaN ´ xN q ´NaN´M paM ´ xM q is nondecreasing on r0, as.
Hence
pωpbkqp`ε ´ pωpak`1qp`ε ď p` ε
p
pωpbkqε ppωpbkqp ´ pωpak`1qpq , k “ 1, . . . , n ´ 1.
This together with (3.5) implies
nÿ
k“1
“pωpsqp`εHpsq‰bk
ak
ď
p` ε
p
n´1ÿ
k“1
ppωpbkqp ´ pωpak`1qpq pωpbkqεHpbkq ` pωpbnqp`εHpbnq
ďMpp,ε
p` ε
p
n´1ÿ
k“1
ppωpbkqp ´ pωpak`1qpqh´ppbkq `Mpp,εpωpbnqph´ppbnq.
By joining this inequality with (3.3), we deduce
S1,θ ďM
p
p,ε
p` ε
p
˜pωpa1qph´ppa1q ` n´1ÿ
k“1
`
h´ppak`1q ´ h
´ppbkq
˘ pωpak`1qp
¸
. (3.6)
Next, use the monotonicity of the auxiliary function g to deduce
h´ppak`1q ´ h
´ppbkq ď ph
´p`1pak`1q
“
h´1pak`1q ´ h
´1pbkq
‰
, k “ 1, . . . , n´ 1,
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which together with (3.6) and (3.2) yields
S1,θ ďM
p
p,ε
p` ε
p
˜pωpa1qph´ppa1q ` p n´1ÿ
k“1
`
h´1pak`1q ´ h
´1pbkq
˘
h1´ppak`1qpωpak`1qp
¸
ďMpp,ε
p` ε
p
pp1qp´1λ´ph´1pa1q
ż 1
a1
fpseiθqphpsqsνpsq ds
`Mpp,εpp` εqpp
1qp´1λ´p
n´1ÿ
k“1
`
h´1pak`1q ´ h
´1pbkq
˘ ż 1
ak`1
fpseiθqphpsqsνpsq ds.
(3.7)
To estimate the sum S2,θ, use (3.2) and integrate by parts to obtain
S2,θ
pp` εqMpp,ε
“
nÿ
k“1
ż bk
ak
pωpsqphpsq´p´1p´h1psqq ds
ď pp1qp´1λ´p
nÿ
k“1
ż bk
ak
hpsq´2p´h1psqq
ˆż 1
s
fpseiθqphptqtνptq dt
˙
ds
“ pp1qp´1λ´p
nÿ
k“1
˜„
hpsq´1
ż 1
s
fpseiθqphptqtνptq dt
bk
ak
´
ż bk
ak
´
´fpseiθqphpsqsνpsq
¯
hpsq´1 ds
¸
“ pp1qp´1λ´p
nÿ
k“1
˜„
hpsq´1
ż 1
s
fpseiθqphptqtνptq dt
bk
ak
`
ż bk
ak
fpseiθqpsνpsq ds
¸
.
By using that p ą 1 and the monotonicity of h, and by combining the above inequality with
(3.7), it follows thatş
Eθpλq
sηpsq ds
pp ` εqpp1qp´1λ´pMpp,ε
ď
nÿ
k“1
ż bk
ak
fpseiθqpsνpsq ds`
n´1ÿ
k“1
h´1pbkq
ż ak`1
bk
fpseiθqphpsqsνpsq ds
` h´1pbnq
ż 1
bn
fpseiθqphpsqsνpsq ds
ď
nÿ
k“1
ż bk
ak
fpseiθqpsνpsq ds`
n´1ÿ
k“1
ż ak`1
bk
fpseiθqpsνpsq ds
`
ż 1
bn
fpseiθqpsνpsq ds
ď
ż 1
a1
fpseiθqpsνpsq ds.
By integrating this with respect to θ, we deduce
η ptz P D : Tωpfqpzq ě λuq À λ
´pMpp,ε}f}
p
L
p
ν
, λ ą 0, (3.8)
for each non-negative compactly supported step function f . It remains to deduce this in-
equality for arbitrary f P Lpν . We will accomplish this in a couple steps, starting with simple
functions.
Let λ ą 0, and let f ‰ 0 be a non-negative simple function, that is, of the form f “řN
n“1 αnχEn , where αn ě 0 are non-negative constants and En are disjoint measurable subsets
of D. Then, by the proof of [18, Theorem 2.4 p. 71] and [18, Corollary 2.3 p. 71], there exists a
16 TANELI KORHONEN, JOSE´ A´NGEL PELA´EZ, AND JOUNI RA¨TTYA¨
sequence of non-negative (compactly supported) step functions ϕk with their range contained
in tαn : n “ 1, . . . , Nu Y t0u and converging to f in L
p
ν and pointwise almost everywhere
in D. Let δ ą 0 be arbitrary and denote M “ maxtαn : n “ 1, . . . , Nu. Let R P p0, 1q such
that
ş1
R
ηpsqs ds ă δλ
32M
. By Egorov’s theorem there exists a measurable set E Ă D such that
ω1pDzEq ă
δλpωpRq
16M
ş
1
0
ηpsqs ds
and ϕk Ñ f uniformly on E, where ω1pzq “
ωpzq
|z| for z P Dzt0u is a
finite measure on D because pωp0q ă 8. Then
pωpzq|Tωpϕkqpzq ´ Tωpfqpzq| ď ż 1
|z|
ˇˇˇˇ
ϕk
ˆ
s
z
|z|
˙
´ f
ˆ
s
z
|z|
˙ˇˇˇˇ
χE
ˆ
s
z
|z|
˙
ωpsq ds
` 2M
ż 1
|z|
χDzE
ˆ
s
z
|z|
˙
ωpsq ds
for all z P D. Since supzPD |ϕkpzq ´ fpzq|χEpzq Ñ 0 as k Ñ 8, for fixed λ ą 0 there exists
k0 P N such that supzPD |ϕkpzq ´ fpzq|χEpzq ă
λ
4
for all k ě k0. So, for every point z P D
such that infkěk0 |Tωpϕkqpzq ´ Tωpfqpzq| ą λ{2, it follows that
2Mpωpzq
ż 1
|z|
χDzE
ˆ
s
z
|z|
˙
ωpsq ds ą
λ
4
.
Thus
η ptz P D : |Tωpϕkqpzq ´ Tωpfqpzq| ą λ{2uq ď
8M
λ
ż
D
˜ż 1
|z|
χDzE
ˆ
s
z
|z|
˙
ωpsq ds
¸
ηpzqpωpzq dApzq
“
8M
λ
ż 1
0
ω1ppDzEqzDp0, rqq
rηprqpωprq dr
for k ě k0. Sinceż 1
0
ω1ppDzEqzDp0, rqq
rηprqpωprq dr ď ω1pDzEqpωpRq
ż R
0
ηprqr dr ` 2
ż 1
R
ηprqr dr ă
δλ
8M
,
we obtain η ptz P D : |Tωpϕkqpzq ´ Tωpfqpzq| ą λ{2uq ă δ for k ě k0. Then take δ “
M
p
p,ε}f}
p
L
p
ν
λp
and k1 ě k0 such that }ϕk}Lpν ď 2}f}Lpν for all k ě k1. Then, bearing in mind (3.8), we deduce
ηptz P D : |Tωpfqpzq| ě λuq
“ η ptz P D : |Tωpfqpzq| ě λu X tz P D : |Tωpϕkqpzq ´ Tωpfqpzq| ď λ{2uq
` η ptz P D : |Tωpfqpzq| ě λu X tz P D : |Tωpϕkqpzq ´ Tωpfqpzq| ą λ{2uq
ď η ptz P D : |Tωpϕkqpzq| ě λ{2uq ` δ
ÀMpp,ελ
´p}ϕk}
p
L
p
ν
`
M
p
p,ε}f}
p
L
p
ν
λp
ÀMpp,ελ
´p}f}p
L
p
ν
for all k ě k1. Thus, we deduce that (3.8) holds for simple functions.
Finally, let f P Lpν be arbitrary. Since tz P D : |Tωpfqpzq| ą λu Ă tz P D : Tωp|f |qpzq ą λu,
we may assume that f is non-negative. For each N P N, define fN “ maxtmintf,Nu,
1
N
u.
Then there exists a sequence of simple functions ϕk such that N ě ϕkpzq ě ϕk`1pzq ě fN pzq
for all k P N and z P D and ϕk Ñ fN pointwise in D as k Ñ 8. (Since 1{fN is measurable,
there exists an increasing sequence of simple functions gk such that gkpzq ě
1
N
for all z P D,
and gk Ñ fN pointwise in D as k Ñ8. Take ϕk “ 1{gk. See [18, Theorem 4.1 p. 31].) By the
dominated convergence theorem there is k2 such that }ϕk}Lpν ď 2}fN}Lpν for all k ě k2, which
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together with (3.8) yields
ηptz P D : TωpfN qpzq ą λuq ď ηptz P D : Tωpϕkqpzq ą λuq
À λ´pMpp,ε}ϕk}
p
L
p
ν
À λ´pMpp,ε}fN}
p
L
p
ν
ď λ´pMpp,ε
ˆ
}f}p
L
p
ν
`
νpDq
Np
˙
, λ ą 0, N P N.
(3.9)
Since pmintf,NuqNPN is an increasing sequence of non-negative measurable functions converg-
ing pointwise to f , Tωpmintf,Nuqpzq Ñ Tωpfqpzq for all z P D. Then, for fixed λ ą 0, by
Egorov’s theorem there is a measurable set E Ă D such that ηpEq ă λ´pMpp,ε}f}
p
L
p
ν
and N0
such that supzPD |Tωpfqpzq ´ Tωpmintf,Nuqpzq|χDzEpzq ă
λ
2
for all N ě N0. Hence
ηptz P D : Tωpfqpzq ą λuq
“ ηptz P DzE : Tωpfqpzq ą λuq ` ηptz P E : Tωpfqpzq ą λuq
ď ηptz P D : Tωpmintf,Nuqpzq ą λ{2uq ` λ
´pMpp,ε}f}
p
L
p
ν
ď ηptz P D : TωpfN qpzq ą λ{2uq ` λ
´pMpp,ε}f}
p
L
p
ν
, N ě N0, λ ą 0.
Combining this with (3.9) and letting N Ñ8 yields (3.8) for f P Lpν , and thus (i) is satisfied.
This finishes the proof of the theorem. l
Proof of Corollary 4. Assume that Tω : A
p
ν Ñ L
p
ν and Tω : L
p
ν Ñ L
p,8
ν are bounded. Then
pDppω, νq “ sup
0ďră1
pωprqpş1
r
sνpsq ds
ż r
0
tνptqpωptqp dt ă 8
and
Mp,εpω, ν, νq “ sup
0ďră1
ˆpωprqε ż r
0
sνpsqpωpsqp`ε ds
˙ 1
p
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
ă 8
by Theorems 1 and 3. Moreover, (2.13) implies´ş1
r
sνpsq ds
¯ 1
p
pωprq À
ˆpωprqε ż r
0
sνpsqpωpsqp`ε ds
˙ 1
p
.
Hence
Mppω, ν, νq “ sup
0ďră1
ˆż r
0
sνpsqpωpsqp ds
˙ 1
p
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
ď
´ pDppω, νq¯ 1p sup
0ďră1
´ş1
r
sνpsq ds
¯ 1
p
pωprq
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
À
´ pDppω, νq¯ 1p sup
0ďră1
ˆpωprqε ż r
0
sνpsqpωpsqp`ε ds
˙ 1
p
˜ż 1
r
ˆ
ωpsq
sνpsq
˙p1
sνpsq ds
¸ 1
p1
À
´ pDppω, νq¯ 1p Mp,εpω, ν, νq.
Thus Tω : L
p
ν Ñ L
p
ν is bounded. The converse implication is trivial. l
Corollary 10. Let 1 ă p ă 8. For each ω P pD there exists ν P pD such that Tω : Apν Ñ Lpν is
bounded but Tω is not bounded from L
p
ν to L
p,8
ν .
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Proof. Fix ω P pD. Take K ą 1 and rn such that pωprnq “ K´npωp0q. Take tνptq “
ωptq
ř8
n“0 χrr2n,r2n`1qptq. Since ω is not absolutely continuous with respect to ν, Tω is not
bounded from Lpν to L
p,8
ν by Theorem 3.
On the other hand, since
ş1
t
sνpsq ds — pωptq, it is clear that ν P pD andż r
0
tνptqpωpptq dt ď
ż r
0
ωptqdtpωptqp À 1pωprqp´1 —
ş1
r
tνptq dtpωprqp , 0 ď r ă 1,
Thus, Tω : A
p
ν Ñ L
p
ν is bounded by Theorem 1. 
We finish the paper providing three weights, ωpsq “ s, νpsq “ p1´ sqp´1
´
log
´
e
1´s
¯¯2pp´1q
and ηpsq “ p1´sqp´1
´
log
´
e
1´s
¯¯p´1
such that Tω : L
p
ν Ñ L
p,8
η is bounded for each 1 ă p ă 8
by Theorem 3, but Tω : L
p
ν Ñ L
p
η is unbounded by Theorem A.
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